Abstract. A simplicial complex of dimension d − 1 is said to be balanced if its graph is d-colorable. Juhnke-Kubitzke and Murai proved an analogue of the generalized lower bound theorem for balanced simplicial polytopes. We establish a generalization of their result to balanced triangulations of closed homology manifolds and balanced triangulations of orientable homology manifolds with boundary under an additional assumption that all proper links of these triangulations have the weak Lefschetz property. As a corollary, we show that if ∆ is an arbitrary balanced triangulation of any closed homology manifold
Introduction
At the intersection of geometry, algebra, and combinatorics is the study of the face numbers of simplicial complexes. If f i (∆) denotes the number of i-dimensional faces of a (d − 1)-dimensional simplicial complex ∆, then the h-numbers h i (∆) are defined by h i (∆) = f j−1 (∆). Of the most important results in the study of face numbers of simplicial complexes, many have been elegantly phrased in the language of the h-numbers. Principal among these are the DehnSommerville relations, the lower and upper bound theorems, and their culminationthe g-theorem. Our starting point is the following generalized lower bound theorem (or GLBT) conjectured by McMullen and Walkup [MW71] and proved by Stanley [Sta80] , and Murai and Nevo [MN13] : Theorem 1.1. Let P be a d-dimensional simplicial polytope. Then
⌋ (P ); also the equality h i−1 (P ) = h i (P ) occurs for a certain i ≤ ⌊ It is natural to ask to what extent these inequalities can be specialized. In particular, are there classes of simplicial polytopes whose successive h-numbers satisfy more drastic inequalities? Of recent interest have been balanced simplicial complexes (those complexes whose underlying graphs have a "minimal" coloring), introduced by Stanley in [Sta79] . Examples of balanced simplicial complexes include barycentric subdivisions of regular CW complexes, Coxeter complexes, and Tits buildings.
The following strengthening of Theorem 1.1 for balanced simplicial polytopes was conjectured in [KN16b] and proved by Juhnke-Kubitzke and Murai in [JKM15] . Theorem 1.2. Let P be a d-dimensional balanced simplicial polytope. Then h 0 (P )
Our goal is to examine extensions of this result to more general complexes. In particular, the complexes considered in this paper are balanced F-homology manifolds with and without boundary, where F is a field. (We defer most of the definitions until the following sections.) When confining our attention to this class of simplicial complexes, the natural analog of the h-numbers turns out to be the h ′′ -numbers (for polytopes, these are one and the same): for a (d − 1)-dimensional complex ∆ and i < d, h In view of this result, it seems plausible that the statement of Theorem 1.2 can be appropriately extended to balanced F-homology manifolds. Indeed, the following is one of our main results. Recall that by [Sta80] , the boundary complexes of all simplicial polytopes even have the strong Lefschetz property over Q. Thus Theorem 1.3(i) holds for all balanced triangulations of Q-homology manifolds with polytopal vertex links and all ℓ. Moreover, according to [Mu10, Corollary 3 .5] and [Whi90] , triangulations of 2-spheres have the weak Lefschetz property over any field F. Hence, the case ℓ = 2 of Theorem 1.3(i) is valid for any balanced F-homology manifold without boundary. We prove the following stronger result. This result provides a balanced analog of [NS09b, Theorem 5 .2] (see also [Mu15, Theorem 5 .3]) and settles Conjecture 4.14 of [KN16b] (see also [KN16b, Remark 3 .8]). It is worth mentioning that for d − 1 ≥ 4, the condition that ∆ is in the balanced Walkup class is equivalent to all vertex links of ∆ being stacked crosspolytopal spheres (see [KN16b, Corollary 4 .12]).
We also extend Theorem 1.4 to the class of Buchsbaum* simplicial complexes introduced by Athanasiadis and Welker [AW12] as well as discuss extensions of Theorem 1.3(i) to this generality, under an additional assumption that proper links of the Buchsbaum* complex in question satisfy a certain conjecture of Björner and Swartz.
Our proofs combine techniques from [JKM15] along with recent results on Buchsbaum complexes, most notably those from [MNY16] . In particular, we extend the exploitation of N m -gradings (rather than the usual N-grading) to (certain quotients of) the canonical modules of Stanley-Reisner rings of balanced Buchsbaum complexes. For most of the proofs we need to work in the generality of a-balanced simplicial complexes with a ∈ N m . (As m varies, this class of complexes interpolates between the class of balanced simplicial complexes and that of all simplicial complexes.) We introduce the notions of flag h ′ -and flag h ′′ -vectors for a-balanced simplicial complexes as flag analogs of the usual h ′ -and h ′′ -vectors, and develop basic properties of these vectors from the viewpoint of the Stanley-Reisner ring theory.
The layout of the rest of the paper is as follows. In Section 2 we recall several notions pertaining to balanced simplicial complexes and their Stanley-Reisner rings. In Section 3 we introduce flag h ′ -and h ′′ -vectors and develop their basic properties. Section 4 is devoted to the proof of both parts of Theorem 1.3 for the case of orientable homology manifolds with and without boundary. In Section 5, we review some known results on canonical modules as well as develop new techniques for studying Stanley-Reisner rings via the canonical modules of the links. In Section 6 we provide a proof of Theorem 1.3(i), and hence also of the inequality part of Theorem 1.4 for all (closed) homology manifolds. Section 7 settles the equality part of Theorem 1.4. We finish with some remarks and open problems in Section 8.
Initially, the main result of this paper was proved by the team of Juhnke-Kubitzke and Murai, and by the team of Novik and Sawaske. We decided to combine our efforts in a joint paper.
Algebraic properties and combinatorics of simplicial complexes
Here we review several notions and results that are used in the rest of the paper.
2.1. Combinatorics of simplicial complexes. We start with several definitions. An excellent reference to this material is Stanley's book [Sta96] . Let V be a finite set. An (abstract) simplicial complex ∆ on the vertex set V is a collection of subsets of V that is closed under inclusion and contains all singletons {v} with v ∈ V . Throughout this paper, we assume that all simplicial complexes are finite. Elements of ∆ are called faces of ∆ and maximal faces (with respect to inclusion) are called facets of ∆. The dimension of a face σ ∈ ∆ is its cardinality minus one, and the dimension of ∆ is the maximal dimension of its faces. The 0-dimensional faces are called vertices, and we denote by V (∆) the set of vertices of ∆. We say that a simplicial complex ∆ is pure if all facets of ∆ have the same dimension.
If
, where f i (∆) denotes the number of i-dimensional faces of ∆, and the h-vector of ∆ is h(∆) = (h 0 (∆), h 1 (∆), . . . , h d (∆)), where h i (∆) is defined by
When P is a d-dimensional simplicial polytope, f (P ) and h(P ) refer to the f -vector and the h-vector of the boundary complex of P , respectively. Given a fixed field F, denote byβ i (∆) = dim FHi (∆; F) the i th reduced Betti number of ∆ computed over F. We define the h ′′ -numbers of ∆ by
The Betti numbers and the h ′′ -numbers depend on F, but F is usually understood from the context and is omitted from our notation.
As an example, consider the d-dimensional cross-polytope, i.e., the convex hull of the set {e 1 , . . . , e d , −e 1 , . . . , −e d }, where {e 1 , . . . , e d } is the standard basis of R d . Assigning vertices e i and −e i color i for all 1 ≤ i ≤ d, makes the boundary complex of this polytope into a balanced sphere, denoted C * d . As a generalization of balanced simplicial complexes, we now recall the definition of a-balanced simplicial complexes. Let N denote the set of non-negative integers, and as above let e 1 , . . . , e m denote the standard basis for
Let a = (a 1 , . . . , a m ) ∈ N m . An a-balanced simplicial complex is a tuple (∆, π), where (i) ∆ is a simplicial complex of dimension |a| − 1; and (ii) π is a map from V (∆) to {e 1 , . . . , e m } such that for every face σ ∈ ∆,
For convenience, we also say that ∆ is a-balanced if (∆, π) is a-balanced for some π. In this paper, π will often be referred to as a coloring of ∆. Note that a For an a-balanced simplicial complex (∆, π) and b ∈ N m , we denote by f b (∆, π) the number of faces σ ∈ ∆ with π(σ) = b, and we define
The vectors (f b (∆, π) : b ≤ a) and (h b (∆, π) : b ≤ a) are called the flag fvector and the flag h-vector of (∆, π), respectively. These vectors refine the usual f -and h-vectors, as it is easily seen that
2.2. Stanley-Reisner rings of balanced simplicial complexes. In this subsection, we recall some basic properties of Stanley-Reisner rings of a-balanced simplicial complexes, originally proved by Stanley in [Sta79] . In the following, let F be an infinite field and let ∆ be a simplicial complex on vertex set V = V (∆). Let A be the polynomial ring
The Stanley-Reisner ideal I ∆ of ∆ is the ideal of A defined by
The Stanley-Reisner ring F[∆] of ∆ (over F) is the quotient ring
If (∆, π) is an a-balanced simplicial complex (where a ∈ N m ), the rings A and F[∆] have the following N m -graded structure induced by the coloring π:
For an N m -graded A-module M and b ∈ N m , we denote by M b the submodule of M consisting of all homogeneous elements of degree b, and we write M(−b) for the module M with the grading defined by M(−b) a = M a−b , where a ∈ N m . We will also make use of the submodules
The (N m -graded) Hilbert series of M is the formal power series in variables t 1 , . . . , t m defined by
For a finitely generated graded A-module M of Krull dimension d, a homogeneous system of parameters for M is a sequence Θ = θ 1 , . 2.3. Buchsbaum and Cohen-Macaulay simplicial complexes. For a simplicial complex ∆ and a face σ ∈ ∆, the simplicial complexes
are called the star and the link of σ in ∆, respectively. We say that the link of
(Here, π is identified with its restriction to the vertex sets of st ∆ (σ) and lk ∆ (σ), respectively.)
Recall that a finitely generated graded A-module M of Krull dimension d is Buchsbaum if for every homogeneous system of parameters Θ = θ 1 , . . . , θ d of M,
If, additionally, the above colon module is zero for all 1 ≤ i ≤ d, then M is said to be Cohen-Macaulay.
We call a simplicial complex ∆ Buchsbaum or Cohen-Macaulay (over F) if A pure (d−1)-dimensional simplicial complex is an F-homology manifold without boundary (or a closed F-homology manifold) if every proper link of ∆, lk ∆ (σ), has the homology of a (d − 1 − |σ|)-dimensional sphere (over F). Similarly, a pure (d − 1)-dimensional simplicial complex ∆ is an F-homology manifold with boundary if (i) every proper link of ∆, lk ∆ (σ), has the homology of a (d − 1 − |σ|)-dimensional ball or a sphere (over F), and (ii) the boundary complex of ∆, i.e.,
is an F-homology manifold without boundary. An F-homology (d − 1)-sphere is an F-homology manifold without boundary that has the same homology as the (d − 1)-dimensional sphere, and an F-homology (d − 1)-ball is an F-homology manifold with boundary whose homology is trivial and whose boundary complex is an F-homology (d − 2)-sphere. Thus, every proper link of an F-homology manifold with or without boundary is either an F-homology sphere or an F-homology ball. In particular, if ∆ is an F-homology manifold with or without boundary, then ∆ is Buchsbaum over F.
We will often say that (∆, π) is Cohen-Macaulay or Buchsbaum or an F-homology manifold if ∆ has that property.
2.4. Weak Lefschetz property. Let ∆ be a (d − 1)-dimensional Cohen-Macaulay simplicial complex. We say that ∆ has the weak Lefschetz Property (or WLP) over F if there is an l.s.o.p. Θ for F[∆] and a linear form ω such that the multiplication map ·ω :
is surjective. Similarly, we say that ∆ has the dual WLP if there is an l.s.o.p. Θ for F[∆] and a linear form ω such that the multiplication map 
Flag h ′ -and h ′′ -vectors
Over the last few decades, several refinements and modifications of h-vectors of simplicial complexes have been introduced and studied. On one hand, already in 1979, Stanley [Sta79] introduced a-balanced simplicial complexes together with their flag h-vectors as a refinement of the classical h-vectors. Subsequently, these vectors have played an important role in the study of f -vectors of simplicial polytopes and simplicial complexes. On the other hand, in order to study face numbers of homology manifolds, one often considers their h ′ -and h ′′ -vectors as certain modifications of the classical h-vector (cf. Section 2.1; also see [KN16a, Swa14] for various applications of these combinatorial invariants). Here we (i) combine these two approachesthis results in the notions of flag h ′ -and flag h ′′ -vectors of balanced simplicial complexes, and (ii) initiate the study of basic properties of these vectors. Most results in this section are natural extensions of known results on h ′ -, h ′′ -and flag h-vectors, and so some details of proofs are omitted.
Let (∆, π) be an a-balanced simplicial complex. We define the flag h
Schenzel [Sch81] proved that for a (d − 1)-dimensional Buchsbaum complex ∆ and
The following theorem establishes a flag analog of Schenzel's formula.
Theorem 3.1. Let (∆, π) be an a-balanced simplicial complex and let Θ = θ 1 , . . . , θ |a| be an
Proof. We only sketch the proof since it is essentially the same as the proof of [Sch81, Theorem 4.3]. For a finitely generated graded A-module M, we denote by
Since R is a Buchsbaum ring, we have the following exact sequences
(While the statement given in [SV86] assumes the Z-grading, the proof carries verbatim to the N m -graded setting.) Finally, since R = F[∆] is Buchsbaum,
(see [SV86, Corollary II.4.13 and Lemma II.2.5(ii)]). Combining Theorem 2.1 with (1), (2), and (3), we inductively obtain that
We will see that the flag h ′′ -vector is intimately related to the following ideal defined by Goto [Got83] . This ideal plays a crucial role in the paper. For a finitely generated graded A-module M of Krull dimension d and an l.s.o.p.
Here,θ i indicates that θ i is omitted from Θ. Note that if M and Θ are N m -graded, then so are M/ΘM and M/Σ(Θ; M).
The following property was essentially proved by Goto in the setting of local rings. The proof for the N-graded case can be found in [MNY16, Theorem 2.3] and it extends easily to the N m -graded setting. 
when ∆ is Buchsbaum, Theorem 3.2 implies the following result.
Corollary 3.3. Let (∆, π) be an a-balanced simplicial complex and let Θ be an Remark 3.5. The flag h ′ -and h ′′ -numbers refine the usual h ′ -and h ′′ -numbers:
Remark 3.6. All results on flag h ′ -and h ′′ -vectors in this section are natural extensions of known results on the usual h ′ -and h ′′ -vectors. In the N-graded setting, the formula for h ′ -vectors in Theorem 3.1 was proved in [Sch81] , and the formula for h ′′ -vectors in Theorem 3.4 was given in [MNY16] . When ∆ is a Cohen-Macaulay simplicial complex, the flag h ′ -and h ′′ -vectors coincide with the usual flag h-vectors. In this case the formula for the Hilbert series in Theorem 3.1 is due to Stanley [Sta79] .
The results in this section continue to hold in the generality of Stanley-Reisner modules of relative simplicial complexes. Here we quickly review some relevant notions.
For a simplicial complex ∆ with the vertex set V and a subcomplex Γ of ∆, the A-module 
Theorem 3.1, Corollary 3.3, and Theorem 3.4, in fact, hold for all Buchsbaum Stanley-Reisner modules. (We omit the proofs since they are identical to the proofs above, except that the notation becomes somewhat more cumbersome). Specifically, if ∆ is an F-homology manifold with boundary, then F[∆, ∂∆] is Buchsbaum, and hence the statements of Theorem 3.1, Corollary 3.3, and Theorem 3.4 continue to hold in this setting but with ∆ replaced throughout by (∆, ∂∆).
Proofs in the orientable case
The purpose of this section is to prove Theorem 1.3 for orientable homology manifolds with and without boundary, see Theorem 4.4. If ∆ is a homology manifold without boundary, we will often identify ∆ with the pair (∆, ∂∆) where we let ∂∆ = ∅. We say that an F-homology manifold ∆ with or without boundary is orientable if the top Betti number of (∆, ∂∆) computed over F is equal to the number of connected components of ∆.
Let (∆, π) be a balanced (d − 1)-dimensional F-homology manifold. If ∆ has no boundary, then the link of each codimension-1 face of ∆ consists of two vertices. Thus, for each color i, in each connected component there exist at least two vertices of color i, so that f 0 (∆) ≥ 2d(1 +β 0 (∆)). Hence h
+β 0 (∆) follows. Similarly, if ∆ has non-empty boundary, then h ′′ 0 (∆, ∂∆) = 0,β 0 (∆, ∂∆) equals the number of connected components of ∆ that have no boundary, and each component with non-empty boundary has at least d vertices. The same computation as above then shows that h ′′ 1 (∆, ∂∆) ≥ dβ 0 (∆, ∂∆). We conclude that Theorem 1.3 holds for ℓ = 1, and from now on, assume that 1 < ℓ ≤ ⌊d/2⌋.
Moreover, it suffices to prove Theorem 1.3 for connected F-homology manifolds. Indeed, a straightforward computation shows that if ∆ is disconnected with connected components ∆ 1 , . . . , 
F[∆, ∂∆]/Σ(Θ; F[∆, ∂∆]) ∼ = F[∆]/Σ(Θ; F[∆]) ∨ (−a).
In particular, h
The proof of Theorem 1.3 will essentially follow from the next proposition. 
In analogy to [JKM15, Lemma 2.3 (i)], there exists a surjection ψ : L → M(b). Thus for any linear form ω ∈ F[∆]
with deg ω = e 1 , there is the following commutative diagram:
Note that all links, lk ∆ (σ), in the above diagram are monochromatic (indeed they are (2ℓ − 1)-balanced). Since lk ∆ (σ) has the WLP for all σ ∈ ∆ with π(σ) = b by assumption, it follows that the left multiplication map ·ω is surjective for a generic choice of Θ and ω. This fact and the surjectivity of the horizontal maps ψ implies that the multiplication map ·ω on the right is also surjective. is well-defined and surjective. Consequently,
To finish the proof, we compute both sides of (4). Theorems 3.4 and 4.1 imply
while by Theorem 3.1,
Here the last step follows from Theorem 4.1 and Poincaré-Lefschetz duality asserting thatβ ℓ−1 (∆, ∂∆) =β d−ℓ (∆). Substituting (5) and (6) in (4) yields the result. We also define the normalized h 
The following lemma is an easy consequence of [JKM15, Lemma 3.6]; we omit the proof. 
We are now in a position to prove the main result of this section. 
First note that part (ii) of the statement is an immediate consequence of part (i) and Lemma 4.3. To prove part (i), we may assume that ∆ is connected since for T = ∅, the number h ′′ T (∆, ∂∆, π) is the sum of the corresponding statistics of connected components of ∆. Furthermore, by relabeling the vertices, we may assume that S = {1, d − 2ℓ + 3, d − 2ℓ + 4, . . . , d}. Defineπ : 1, 1, . . . , 1)-balanced. As h Since all proper links of a homology manifold with or without boundary are homology spheres or homology balls, we infer from Lemma 2.3 the following result. 
Canonical modules
Our proof of Theorem 1.3(i) for non-orientable homology manifolds relies on canonical modules. This requires a few auxiliary results on canonical modules, some of which are discussed in this section.
Recall that if M is a finitely generated graded A-module of Krull dimension d, then the canonical module of M is the module
In particular, for an a-balanced simplicial complex (∆, π) with a ∈ N m , the canonical module of F[∆] is N m -graded. We start by reviewing some dualities that are exhibited by canonical modules of Buchsbaum rings. The following is an algebraic generalization of Theorem 4.1 above, proved in [MNY16, Theorem 1.3].
We note that, in the above statement, Θ is automatically also an l.s.o.p. for Ω (F[∆] ). 
a fact that is well-known in commutative algebra.
The above duality (for the monochromatic case) implies the following equivalent formulation of the dual WLP; we will use it in the next section. We will also use the following duality result due to Schenzel [SV86, Theorem II.4.9].
Theorem 5.5 (Schenzel) . Let R be a finitely generated graded F-algebra of Krull dimension d > 0. If R is Buchsbaum, then Ω(R) is also Buchsbaum and
One of the key properties used in the proof of Theorem 4.4 (see the proof of Proposition 4.2) was the existence of a surjection from L to M(b). The goal of the rest of this section is to establish an analogous surjection for canonical modules.
In the rest of this section, we assume that (∆, π) is an a-balanced simplicial complex on the vertex set [n], and we consider 
Proof. Let |a| = d and let σ ∈ ∆ be any face. The long exact sequence of local cohomology modules induced by the natural surjection
. By taking the Matlis dual of both sides, we obtain an injection
When u = (u 1 , . . . , u n ) ∈ N n , we let s(u) = {i : u i = 0} be the support of 
If s(u) ⊇ σ, then lk st ∆ (σ) (s(u)) is a cone over σ s(u), and hence has trivial homology. It hence follows from Hochster's formula that Ω(
Thus, for any σ ∈ ∆, the injection in (7) induces an isomorphism
Taking the following sum of the maps in (8) yields the desired surjection
The following modification of Lemma 5.6 provides an appropriate analog of a surjection from L to M(b) on the level of canonical modules.
Then there is a surjection
Proof. By Lemma 5.6 there exists a surjection
Thus, in order to prove the claim, it is enough to show that for any σ ∈ ∆ with π(σ) = b, there is an isomorphism
Fix a face σ ∈ ∆ with π(σ) = b. Since the variables x v with v ∈ σ form a regular sequence of
Also, since Θ contains exactly a i linear forms of color e i ∈ N m for all i and since st ∆ (σ) contains exactly a i vertices of color e i ∈ N m for all i ≤ ℓ, we obtain that
Combining (10) and (11) yields the desired isomorphism (9).
Proofs for non-orientable manifolds
In this section we prove Theorem 1.3(i) for non-orientable homology manifolds, see Theorem 6.2. As in Section 4, we may assume that ℓ > 1 and that ∆ is connected. We start with the following result (cf. Proposition 4.2).
Proposition 6.1. Let 1 < ℓ ≤ ⌊d/2⌋, a = (2ℓ − 1, 1, . . . , 1) ∈ N d−2ℓ+2 , and b = a−(2ℓ−1)e 1 . Let (∆, π) be an a-balanced, connected, Buchsbaum simplicial complex and suppose that for every face σ ∈ ∆ with π(σ) = b, the link of σ in ∆ has the dual WLP. Then
Proof. The proof is similar to that of Proposition 4.2. For any N m -graded l.s.o.p. Θ = θ 1 , . . . , θ |a| for F[∆] and for any linear form ω with deg ω = e 1 , there is the following commutative diagram:
where Θ ′ = (θ i : deg θ i = e 1 ) and ϕ is the surjection guaranteed by Lemma 5.7. Since lk ∆ (σ) has the dual WLP over F for all σ ∈ ∆ with π(σ) = b, we conclude from Lemma 5.3 that for a generic choice of Θ ′ and a generic linear form ω with deg ω = e 1 , the left vertical map is surjective. Hence, the multiplication map
) is zero by Theorem 3.2, the above surjection gives rise to a surjection
Therefore,
The right-hand-side of (13) can be rewritten as
where the last equality follows from Theorems 3.2 and 5.5. In addition, it follows from Theorems 3.4 and 5.1 that for all b ≤ a,
Substituting these formulas in (13), we infer that
as desired.
Proposition 6.1 implies the following theorem exactly in the same way as Proposition 4.2 implied Theorem 4.4. 
(ii) Consequently, h In this section, we complete the proof of Theorem 1.4, see Theorem 7.4. We first recall some results on stacked cross-polytopal spheres verified in [KN16b] .
Let ∆ and Γ be pure simplicial complexes of the same dimension with disjoint vertex sets. Let σ ∈ ∆ and τ ∈ Γ be facets and let ϕ : σ → τ be a bijection. The connected sum ∆# ϕ Γ of ∆ and Γ is the simplicial complex obtained from (i) ∆ is a stacked cross-polytopal sphere.
Let (∆, π) be a pure balanced simplicial complex. Let σ and τ be facets of ∆ and let ϕ : σ → τ be a bijection with π(v) = π(ϕ(v)) for all v ∈ σ. Such a bijection ϕ is called admissible if lk ∆ (v) ∩ lk ∆ (ϕ(v)) = {∅} for all v ∈ σ. For an admissible bijection ϕ, define ∆ ϕ as the simplicial complex obtained from ∆ \ {σ, τ } by identifying v with ϕ(v) for all v ∈ σ. We say that ∆ ϕ is obtained from ∆ by a balanced handle addition. The balanced Walkup class BH d is the set of all balanced simplicial complexes obtained from the boundary complexes of ddimensional cross-polytopes by successively applying the operations of connected sums and balanced handle additions.
The following result is [KN16b, Corollary 4.12]. 
such that its composition with the natural surjection from Ω(
Proof. We assume that V (∆) = {1, 2, . . . , n} and A = F[x 1 , . . . , x n ]. As shown in the proof of Lemma 5.6 (see (7)), there is an injection
This injection gives rise to an A-homomorphism
Composing this A-homomorphism with the natural surjection Ω(
Thus to prove the desired statement, it suffices to show that the map ϕ ′ is injective. Note that Θ is an l.s.o.p. for F[st ∆ (v)] since st ∆ (v) is a full-dimensional subcomplex of ∆. Taking the Matlis dual of modules in (15) and using Theorem 5.1, leads to an A-homomorphism
Since for all graded ideals I and J of A, any A-homomorphism from A/I to A/J of degree 0 must be either zero or surjective, the map ϕ ′ is either zero or injective. We prove that ϕ ′ is non-zero. Since st ∆ (v) is a cone over an F-homology sphere lk ∆ (v), it follows that
is non-zero. Since H In this case, the fact that ϕ(α) is non-zero follows from the injectivity of (14).
We now turn to the proof of the main result of this section which completes the proof of Theorem 1.4.
Proof. As noted at the end of Section 4 in [KN16b] , the "if"-part is easy. We prove the "only if"-part. Let S ⊆ [d] with |S| = 3 and let v be a vertex of ∆ with π(v) ∈ {e i : i ∈ S}. By Theorems 7.1 and 7.2, it suffices to check that 
is surjective. Since, by our assumption, h
(∆,π) = 3β 1 (∆). The proof of Proposition 6.1 then implies that the above map is, in fact, an isomorphism.
We have the following commutative diagram
where ϕ and ϕ ′ are injections given in Lemma 7.3. Since the right vertical map and the lower horizontal map are injective, we conclude that the left vertical map is injective. This implies that
and, since the star, st ∆ (v), is Cohen-Macaulay, we infer from Remark 5.2 that
As the flag h-vectors of st ∆ (v) and lk ∆ (v) coincide, the above inequality shows that h e 1 (lk ∆ (v),π) ≥ h 2e 1 (lk ∆ (v),π). On the other hand, sinceπ(v) = e 1 and d−1 ≥ 4, it follows that the link, lk ∆ (v), satisfies the assumptions of Proposition 6.1 for ℓ = 2. Hence, by this proposition, h e 1 (lk ∆ (v),π) ≤ h 2e 1 (lk ∆ (v),π). We conclude that h e 1 (lk ∆ (v),π) = h 2e 1 (lk ∆ (v),π). The result follows, since according to the definition ofπ, this equality is equivalent to the desired statement (16). 
Closing remarks and open problems
We close with several remarks as well as some problems related to this paper that we left unsolved.
8.1. Buchsbaum* simplicial complexes. Our proof for the non-orientable case (see Theorem 6.2) applies not only to homology manifolds but also to Buchsbaum* complexes. A simplicial complex ∆ of dimension d − 1 is Buchsbaum* (over F) if it is Buchsbaum (over F) and, in addition, 
